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ABSTRACT
We consider dilaton back reaction to the AdS gravity system and find an exact solution with
two parameters interpolating between the recently discovered Kehagias-Sfetsos-Gubser solution
and the well-known AdS black hole solution. Since solution does not admit the Hawking
temperature in generic parameter values, we define the temperature using the holographic
correspondence of Stephan-Boltzmann law. We describe the temperature dependence of the
gluon condensation with and without including the effect of Hawking-Page transition.
PACS numbers: 11.25.Tq
1 Introduction
There are increasing activities in using AdS/CFT [1] to describe the real systems after relevant
deformations of the AdS background. For example, it has been suggested that the fireball in
Relativistic Heavy Ion Collision (RHIC) should be considered as a strongly interacting system
[2, 3] and has been studied using dual gravity models [4, 5, 6, 7, 8, 9, 10, 11]. Especially in the
finite temperature context, the SUSY is broken so that the models have more chance to be in
the same universality class of real QCD. There have been many attempts to construct models
phenomenologically closer to QCD [12] as well as models with mesons and quenched quarks
[13, 14, 15, 16].
More recently, many authors [17, 18, 19] found an interesting dilaton-gravity solution that
describes the gluon condensation at zero temperature. The gluon condensate was originally
introduced, at zero temperature, by Shifman, Vainshtein and Zakharov (SVZ) as a measure for
nonperturbative physics in QCD [20]. At high temperature, it is useful to study the nonpertur-
bative nature of the quark-gluon plasma (QGP), and it can be served as an order parameter for
(de)confinement [21, 22, 23]. Recently the role of the gluon condensate in RHIC physics is ex-
tensively studied in [24]. Here motivated by the recent paper [19], we describe the temperature
dependence of the gluon condensation by extending the solution of Kehagias-Sfetsos-Gubser.
The newly found solution in this work interpolates the Kehagias-Sfetsos-Gubser solution and
the well-known AdS black hole solution. Since the solution does not admit the Hawking tem-
perature in generic parameter values, we will define the temperature using the holographic
correspondence of Stephan-Boltzmann law. We will discuss the temperature dependence of the
gluon condensation with and without including Hawking-Page [25, 26, 27] transition, which
plagues the discussion regarding temperature dependence of physical quantities in AdS/CFT
in low temperature regime.
Note added: After the first version of this paper was uploaded, we were informed by Reece
that what we called Csaki-Reece solution was in fact found before ref. [19] by two groups
[17, 18], and it was suggested that the solution be called as Kehagias-Sfetsos-Gubser solution,
which we agree to follow. We were also informed by Bak that our solution was also found earlier
in [28] in different coordinate system but without notice of relation to the finite temperature
physics.
2 Dilaton Black Hole Background


















where γ = +1 for Minkowski metric, and γ = −1 for Euclidean signature. We work with
Minkowski metric for most cases in this paper.


























+ φ0 , (2.3)
where φ0 is a z-independent constant.
Here we derive two parameter non-BPS solution that contains both the Kehagias-Sfetsos-





dz2 + e2A(z)(d~x2 + e2B(z)dt2),
φ = φ(z) . (2.4)
The action and the metric ansatz lead us to the equations of motion:
− z2φ′2 = 12z2A′′ + 12zA′ + 24z2A′2 − 24
0 = 4zB′ + 4z2B′
2





+ 12z2A′B′ − 24
0 = z2φ′′ + zφ′ + 4z2A′φ′ + z2B′φ′, (2.5)
where a prime represents a derivative with respect to z. We are looking for a solution which is
asymptotically AdS and reduces to the AdS black hole in one limit and also leads to the above
BPS solution in some other limit.
After some efforts, we find a solution that is given by





































f 2 − a2. (2.7)



















Notice that the solution is well defined only in the range 0 < z < f−1/4 := zf . Since 1/z is the
energy scale of the boundary theory in AdS/CFT, 1/zf can be considered as the IR cut-off of
the boundary theory.
For a = 0, f = c = z−4c , our solution reduces to the dilatonic solution of Ref. [17, 18, 19].
For c = 0, f = a, and it gives the Schwarzschild Black hole solution [8]. When a = c = 0,
the solution describes the pure AdS space-time. Therefore we may expect that our solution
includes all the elements to describe the finite temperature with gluon condensation. However,
for our solution, the Hawking temperature can NOT be calculated by requiring the absence of
conical singularity at the horizon. 1 To see this, note that the relevant part of the dBH metric
is







(1− fz4) 12+ 32 af (1 + fz4) 12− 32 af . (2.10)
Near zf , behavior of the metric can be examined by introducing the coordinate z = zf (1− ρβ)
and rewriting the metric near ρ ∼ 0,
ds2 ≃ β2(ρ2β−2dρ2 + ραβF (zf)
β2
dt2E) (2.11)






f , which can be written as
F (z) ≡ 1
z2















The standard lore to get the temperature is to request the absence of a conical singularity in
Eq. (2.11). However, this condition is met only when β = 1 and α = 2 which means f = a.




Above analysis shows that our solution does NOT have the geometric (Bekenstein-Hawking)
temperature in the presence of non-zero gluon condensation. This should not mean that we do
1The same is true for the Kehagias-Sfetsos-Gubser solution.
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not have condensation at finite temperature. The way we define a temperature is using the
Stephan- Boltzmann’s law, ρ = σSBT
4. For N = 4 super Yang-Mills in the strong coupled
region we have ρ = 3
8
π2N2c T
4. (For the weak coupling regime we have extra factor 4/3.) To
connect the energy density and the information of the bulk metric, we use the holographic
renormalization, a standard lore of AdS/CFT.











g00 = −1 + 3az4 +O(z8), gii = 1 + az4 +O(z12). (2.14)
According to the holographic renormalization [29], the energy-momentum tensor for the bound-




g(4)µν = diag(ρ, p, p, p). (2.15)
Our solution shows that
g(4)µν = a · diag(3, 1, 1, 1). (2.16)





It is important to notice that there is no c dependence of the metric to O(z4), which means
that the presence of dilaton does not affect the boundary energy momentum tensor at all. It is
this property that enables us to define the temperature for our solution: Namely the system
with non-zero condensation has the same temperature as the system with c = 0. 3 Therefore
we have




3 Gluon condensation at finite temperature
Here we determine the gluon condensate on the dilatonic black hole background through a
AdS/CFT dictionary in [30]. The dictionary states that if the profile of the solution to the
2Another way to derive this is to use the relations at c = 0: T =
√

















, so that we would have obtained, a = (piT )4/480.
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classical equation of motion near the boundary, z → 0, takes the following form,
φ(x, z)→ zd−∆φ0(x) + z∆A(x), (3.1)
then A is related to the vacuum expectation value of the corresponding operator: 〈O〉 =

























Apparently, this result is the same as that for the zero temperature case apart from the possible
temperature dependence of c given by Eq. (2.18). If we assume f is independent of temperature,










1− T 8/Λ8, (3.5)
where Λ is defined by f ≡ (πΛ)4/4. It is remarkable to note that at low temperature our result
in Eq. (3.5) reproduces the leading O(T 8)-behavior observed in chiral perturbation theory [31].
We plot the temperature dependence of the gluon condensate from Eq. (3.5) together with the
lattice QCD results [23] in figure 1. The figure (a) shows the ratio of the gluon condensate
at finite temperature to the one at zero temperature, R(T ) = 〈TrG2〉T/〈TrG2〉T=0, compiled
from [23], and the one on the right is the result of the present study, Eq. (3.5). One can say
that our result fits well to the result of lattice QCD.
The crucial step in the above derivation is the assumption of temperature independence of
f . The reason for this choice is that the zero of g00 given by zf = f
−1/4, does NOT define any
temperature, while in the usual AdS black hole case the zero of g00 defines the temperature.
When the temperature is not defined by the horizon location, there is NO apriori reason why
f is dependent or independent of temperature. The fact is that whatever is the temperature
dependence of c, f , they give a solution to the gravitational system as far as Eq. (2.18) is
satisfied. In this situation, we first study a few simple cases:
1. f is T -independent and c is temperature dependent as we assumed above.
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Figure 1: (a) Lattice result of Ref. [23] for pure Yang Mills case, (b) Our result Eq. (3.5).
2. c is T -independent and f is temperature dependent.
Although case (1) gives an interesting temperature dependence of the condensation, Eq. (3.5),
which is welcomed by the lattice QCD as well as perturbative result from chiral perturbation
theory, the temperature range is limited to T < Λ, which is not physical unless we supplement
what is going on for high temperatures. Case (2) is not physical, since gluon condensation is
expected to be temperature dependent. So none of simple choices are physically satisfactory.
However, if we allow both c and f to have arbitrary temperature dependence, we do not have
any predictive power from the gravitational solution.
The most attractive interpretation of our solution is that f is independent of temperature
in T ≤ Λ region following the case (1), and beyond T > Λ, we take c = 0 by continuity. Then
for this region f = a so that the horizon defines the temperature as usual. In this way we
have a physical profile of the condensation such that it is given in the Fig.1(b) for T ≤ Λ and
c(T ) = 0 for T > Λ.
4 Hawking-Page Transition
Recently, it was argued [27] that in the presence of an energy scale other than the temperature
itself, AdS black hole geometry is not relevant to the description of the low temperature, since
the thermal AdS solution is always dominating there, and high and low temperature regions
are related by a phase transition, Hawking-Page transition. This is rather controversial, since
for the flat boundary without infrared cutoff, phase transition happens at zero temperature so
that black hole, not the thermal AdS, is dominating. So the question is whether our solution
suffer the same problem. Here we examine the possibility of the Hawking-Page transition for
each cases above.
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We first evaluate the value of the action with thermal dilatonic AdS background(tdAdS).
We take R = 1 here and hereafter. Using the the result for curvature of the tdAdS, RtdAdS =
−4 · (5( z
zc
)16 − 22( z
zc
)8 + 5)/(1− ( z
zc
)8)2 , the action is given by


















where zc = c
−1/4 and V3 =
∫
d~x is the volume of our three dimensional space. Now we evaluate














(f 2z8 − 1
)
, (4.2)
where zf = 1/f
1/4, and we used the fact that the curvature in this back ground is
RdBH = −4 [5− 22f
2z8 + 5f 4z16 + 12a2z8]
(1− f 2z8)2 . (4.3)
Notice that the curvature at the ‘horizon’ is nonsingular only at special values of f : namely at
f = 0 (f = a) which corresponds to pure AdS (AdS black hole) respectively. For any other
values of f , there is an essential singularity at the ‘horizon’.
We determine β ′ of tdAdS in terms of β by requiring that the periods of the two backgrounds
in the compactified time direction are the same at z = ǫ:




where A0(ǫ) = A(ǫ; a = 0). We calculate ∆S := S
dBH














Notice 1/z4c = c0 where c0 is the value of c at T = 0, 1/z
4
f = f =
√
c2 + a2. We consider a few
interesting cases.





T 4V3 > 0, and there will be no phase transition. The background is given by the
thermal dilatonic AdS and the condensation is temperature independent and given by
c(T ) = c0 by the continuity. Our solution became totally irrelevant for this temperature
region by HPT.
For high temperature region T > Λ, there is a phase transition when ∆S = (c0−a/4) = 0,
7
that is, at T = 2/(πzc). Beyond this temperature, condensation is zero. The condensate
is the Heaviside step function and the Tc = 2/(πzc):
c(T ) = c0θ(
2
πzc
− T ). (4.6)
For the consistency we need 2
πzc
> Λ. See figure 2.
2. For the case c is T -independent (piecewise): For low temperature we take c = c0 by
continuity, then there is HPT at a = 24
7




. In general, there is a phase
transition as far as
c < 1.51c0. (4.7)
The condensation is piecewise constant function of T , which has a drop at a certain







tc)2 − t2c with tc ≡ ac/c0. Using ac = 1/4(πT )4, this can be solved
for Tc in terms of cc and c0. Instead, here we want to have rough estimation of Tc in
terms of possibly relevant data. tc ≤ 4 is required for the square root, while lattice QCD




















< G2 >. To see rough idea of critical temperature, we
may adopt the value of the gluon condensate in [32], < αs
π
G2 >≈ 0.12 GeV4, and we get
Tc ∼ 420/(Ncαs)1/4MeV.








Figure 2: The gluon condensate at finite temperature with Hawking Page transition.
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5 Discussion
In this paper we found a dilatonic black hole solution describing a gluon condensate at finite
temperature. The solution interpolates the recently discovered Kehagias-Sfetsos-Gubser solu-
tion and AdS black hole solution. The solution does not admit the Hawking temperature,
unless the condensation parameter vanishes. We define the temperature using the holographic
correspondence of Stephan-Boltzmann law.
We discussed the temperature dependence of the gluon condensation with and without
Hawking-Page transition(HPT). Without HPT, we find an interesting result that is consistent
with the results from lattice as well as chiral perturbation. With HPT, our solution plays
limited role. In low temperature regime, our result shows that the gluon condensation has little
dependence in temperature, especially because the dominant metric is an analogue of thermal
AdS which does not give any explicit temperature dependence. Apart from the showing the
existence of the phase transition and determination of the transition temperature, the solution’s
explicit form does not have much remnant to the condensation’s explicit form. This is shared for
all AdS/CFT approach at finite temperature. We need to pay more attention to the meaning
and the role of the HPT.
It would be also interesting to calculate various physical quantities in the presence of the
gluon condensate. We will come back to this issue in later publications.
Acknowledgement
We thank to M. Rho for helpful correspondences, to D. Bak and M. Reece for informing us
earlier literatures after uploading the first version. SJS want to thank G. Brown for introducing
him to the problem of gluon condensation and Nuclear Physics group of SUNY at Stony Brook
for their hospitality and support during his visit. This work was supported by the Science
Research Center Program of the Korea Science and Engineering Foundation through the Center
for Quantum Spacetime (CQUeST) of Sogang University with grant number R11 - 2005 - 021.
The work of SJS was also partially supported by KOSEF Grant R01-2004-000-10520-0
References
[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2 231 (1998), hep-th/9711200.
S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge Theory Correlators from Non-
Critical String Theory,” Phys. Lett. B428 105 (1998), hep-th/9802109;
E. Witten, “Anti De Sitter Space and Holography,” Adv. Theor. Math. Phys. 2 253 (1998),
hep-th/9802150;
9
O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri, and Y. Oz, “Large N field theories,
string theory and gravity,” Phys. Rept. 323 183 (2000).
[2] E. V. Shuryak, Nucl. Phys. A750 64 (2005), hep-ph/0405066.
[3] M. J. Tannenbaum, Rept. Prog. Phys. 69 2005 (2006), nucl-ex/0603003.
[4] G. Policastro, D. T. Son and A. O. Starinets, Phys. Rev. Lett. 87 081601 (2001),
hep-th/0104066.
[5] S. J. Sin and I. Zahed, Phys. Lett. B608 265 (2005), hep-th/0407215;
E. Shuryak, S-J. Sin and I. Zahed, “A Gravity Dual of RHIC Collisions,” hep-th/0511199.
[6] H. Nastase, “The RHIC fireball as a dual black hole,” hep-th/0501068.
[7] C. P. Herzog, A. Karch, P. Kovtun, C. Kozcaz and L. G. Yaffe, JHEP 0607 013 (2006),
hep-th/0605158.
[8] R. A. Janik and R. Peschanski, Phys. Rev. D 73 045013 (2006), hep-th/0512162;
S. Nakamura and S. J. Sin, JHEP 0609 020 (2006), :hep-th/0607123;
S. J. Sin, S. Nakamura and S. P. Kim, JHEP 0612, 075 (2006), hep-th/0610113.
[9] S. S. Gubser, Phys. Rev. D 74, 126005 (2006), hep-th/0605182.
[10] S. J. Sin and I. Zahed, “Ampere’s law and energy loss in AdS/CFT duality,”
hep-ph/0606049.
[11] J. J. Friess, S. S. Gubser, G. Michalogiorgakis and S. S. Pufu, “Expanding plasmas and
quasinormal modes of anti-de Sitter black holes,” hep-th/0611005.
[12] A short list of the references is:
T. Sakai and S. Sugimoto, Prog. Theor. Phys. 113 843 (2005), hep-th/0412141;
J. Erlich, E. Katz, D. T. Son and M. A. Stephanov, Phys. Rev. Lett. 95 261602 (2005),
hep-ph/0501128;
L. Da Rold and A. Pomarol, Nucl. Phys. B721 79 (2005), hep-ph/0501218.
[13] A. Karch and E. Katz, JHEP06 043 (2002), hep-th/0205236.
[14] J. Babington, J. Erdmenger, N. Evans, Z. Guralnik, and I. Kirsch, Phys. Rev. D69 066007
(2004), hep-th/0306018.
[15] M. Kruczenski, D. Mateos, R. C. Myers, and D. J. Winters, JHEP07 049 (2003),
hep-th/0304032.
10
[16] M. Kruczenski, D. Mateos, R. C. Myers, and D. J. Winters, JHEP 05 (2004) 041,
hep-th/0311270.
[17] A. Kehagias, K. Sfetsos, Phys.Lett. B454, 270 (1999), hep-th/9902125;
[18] S. S. Gubser, hep-th/9902155.
[19] C. Csaki and M. Reece, “Toward a Systematic Holographic QCD: A Braneless Approach,”
hep-ph/0608266
[20] M. A. Shifman, A.I. Vainshtein and V. I. Zakharov, Nucl. Phys. B147, 385, 448 (1979).
[21] S. H. Lee, Phys. Rev. D40, 2484 (1989).
[22] M. D’Elia and A. Di Giacomo and E. Meggiolaro, Phys. Rev. D 67, 114504 (2003).
[23] D. E. Miller, Acta Phys.Polon. B28, 2937 (1997); D. E. Miller, “Lattice QCD Calculation
for the Physical Equation of State,” hep-ph/0608234.
[24] G. E. Brown, J. W. Holt, C.-H. Lee and M. Rho, “ Late Hadronization and Matter
Formed at RHIC: Vector Manifestation, Brown-Rho Scaling and Hadronic Freedom,”
nucl-th/0608023 .
[25] S. W. Hawking and D. N. Page, Commun. Math. Phys. 87, 577 (1983).
[26] E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998), hep-th/9803131.
[27] C. P. Herzog, “A holographic prediction of the deconfinement temperature,”
arXiv:hep-th/0608151.
[28] D. Bak, M. Gutperle, S. Hirano, N. Ohta, Phys. Rev. D70, 086004 (2004); D. Bak, H. U.
Yee, Phys.Rev. D71 , 046003 (2005).
[29] S. de Haro, K. Skenderis and S. N. Solodukhin, “Holographic Reconstruction of Space-
time and Renormalization in the AdS/CFT Correspondence”, Commun. Math. Phys. 217
(2001) 595, hep-th/0002230.
[30] I. R. Klebanov and E. Witten, Nucl. Phys. B556, 89 (1999).
[31] R. Rapp and J. Wambach, Adv. Nucl. Phys. 25, 1 (2000).
[32] M. Campostrini, A. Di Giacomo and Y. Gunduc, Phys. Lett. B225, 393 (1989).
11
